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Introduction

Example of noncommutativity (NC): Heisenberg algebra
[Eguapy] — ih(s'uya [p,u,pl/] =0
Constructing models on noncommutative space-time

Motivations: String T heory
Quantum Gravity
Lorentz invariance breaking
Heuristic
* The star product:[z#, 2¥]x = xtxz¥ — 2V xxH = 1hOFY
_iguv 0 0
(f*xg)(z) =e 27 9270 f(x)g(y)|y—a

*  Noncommutative space is flat Minkowski space:
ot — ZH = [zH, T¥] = ihoH,

6 - constant, antisymmetric and real 4 x 4 matrix
h =1/A3c - NC deformation parameter

*  Symmetry extended to enveloping algebra

* Seiberg-Witten map (SW)
There are 2 essential points in which NCGFT differ from
standard gauge theories:

*  The breakdown of Lorentz invariance with respect to a fixed
# 0 background field 8#” (which fixes preferred directions)

* The appearance of new interactions and the modification

of standard ones. For exapmle, triple—neutral—gauge boson,
2 fermion—2 gauge bosons, photon-neutrino, etc.

Both properties have a common origin and appear
in @ number of phenomena
AT VERY HIGH ENERGIES AND/OR VERY
SHORT DISTANCES.
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Models based on the Seiberg-Witten mapping
Expansion in power series in 8 — new vertices
Any gauge groups

Arbitrary matter representation

No charge quantization problem

No UV/IR mixing due to 8 expansion

* Unitarity is OK for: 0% #, 9" =0 ;

carefull cannonical quantization produces always uni-
tary theory: (Bahns, Fredenhagen, Doplicher, Piati-
celli: Time in S matrix treated in form of slices)

* By covariant generalization of % = 0 to:

0,,0" = —62= % (B — E3) >0
ANC

known as perturbative unitarity condition one avoids
potential difficulties with unitarity in noncommuta-
tive gauge field theories
* Construction of covariant NCSM Yukawa cou-
plings OK
* One-loop renormalizable gauge sector at the first
order in noncommutative parameter 6
* Models 1 & 2: mMNCSM & nmNCSM constructed
as an effective, anomaly free and partly renormaliz-
able theories
* Model 3: SU(N) GFT constructed as an renor-
malizable theory via renormalization of 8 — RGE for

noncommutative deformation parameter h

* X X X X ¥



NC gauge transformation

Consider infinitesimal NC local gauge transforma-
tion § of a fundamental matter field that carries a
representation py

SG — ipw(?\) * /\l}
In Abelian case py fixed by the hypercharge.

Covariant coordinates in NC theory introduced in
analogy to covariant derivatives in ordinary theory

gH =zt 4 " A,

Locality

A x — product of ordinary functions f, g, determined
by a Poisson tensor 6#Y(x), is local function of f, g
with finite number of derivatives at each order in 6:

frg=1 g+ 26" @)duf - g+ O(6?)

Gauge equivalence, and consistency conditions
Ordinary gauge transformations § A, = ouA\+i[A, A,]
and ¥V = A - ¥ induce non-commutative gauge
transformations of the fields ﬁ, W with gauge pa-
rameter A

Consistency reqwre that any pair of non-commutative
gauge parameters A, N satisfy

T ———

A, N] 4 i6AN — 6 A = [A, N].



Enveloping algebra-valued gauge transformation
The commutator

AT = _{Aa(@) T AT, T

1
2
of two Lie algebra-valued NC gauge parameters A =
Ao ()T and A = AL(z)T* does not close in Lie. For
NC SU(N) & Lie algebra traceless condition incom-
patible with commutator. Extension to enveloping
algebra-valued NC gauge parameters and fields.

+ Z[Aa(z), Nj(2){T?, T}

A= Ad(2)T® 4+ AL (z) : TOT : +A2, (z) : TOTPTC : + ...

abe
Clousing condition for gauge transformation alge-
bra are homogenos differential equations which are
solved by iteration, order by order in 6. This solution
IS known as Seiberg—Witten map:

R 1
A=A+ 0V, 0uN} + ...

A~

1 )
— oy — — B _
p=9¢- 50 (Va 9 =, [Va,V5]> Y+ ...

_ 1
V.=V, + Zeaﬁ{aavﬂ + Fap, Va} + ...



GAUGE SECTOR
FRAMEWORK PROPOSAL

1: Commutative GFT, that are renormalizable are
extended to the NC space with deformed gauge trans-
formations. These deformations are not unique. For
instance deformed action S; depends on the choice
of representation. This derives from the fact that
FHY s enveloping algebra but not Lee algebra val-
ued. The trace Tr in Sy is over all representations:

1 . ~

2: Seiberg-Witten map up to 1st order in 6:
h

Vu(z) = Vu(z) — 2 0P {Vp(x), 00 Vyu(x) + Fopu(z)},
Fuy = Fuw + %epa (Q{Fpua Fov} — {Vp, (05 + DJ)F/M/}>,
Fuy = 0,V — 3V, — i[V, ¥ V)]

Points 1: and 2: leads to:

S} = 8,=25%u+5s = —%Tr / d4z By FHV

1

Note: Solution for the SW map is NOT UNIQUE.
All expressions V,;, F},, of the form

Vi=V.+ X, Fl,=Fu+D,X,— D,X,,
are solutions to the closing condition to linear order, if X, is a

gauge covariant expression linear in 8, otherwise arbitrary. This
transformation is a redefinition of the fields V,, and F},,.



3: Clearly we do not know the meaning of ‘minimal
coupling concept’ for some NCGFT in the NC space.
However, renormalization is the principle that help
us to find such acceptable couplings. We learned
that the renormalizability condition of some specific
NCGFT requires introduction of the higher order NC
gauge interaction by expanding general NC action in
terms of NC field strengths. This lead us to the

extension of ‘minimal’ action S4 to higher order

1~ ~

+ hO*bE,, % Foo x FPO|
with b being free parameter determining renormal-
izable deformation.

4: SVW map for NC field strength up to the first order
in hO"*" gives

1 1
+ horv bFWFpaFW} ,
4 1 v
2
1
‘|‘ ho"” ((Z + b)Flepa — FMPFVU> F'w] .

Redefinition 1 4+ 4b = a:

1
S = Tr / d*z [—EFWFW

1+ o (%FWFPU _ FM,FW> FP"]



Proposed framework 1,...,4 gives starting action
a—1

1 . . N
Sy = —ETr/d4x (1 = h OHY *FW> x Fpo x FP7

which, via SW map for F*¥ produces directly:
1

+ h9““Tr/d4w (%Fupra—Fﬂpro')Fpa.

REQUIREMENT OF RENORMALIZABILITY
fixes the freedom parameter a =
PRINCIPLE OF RENORMALIZATION
DETERMINES
NC RENORMALIZABLE DEFORMATION

Trace of three generators in the above action
lead to dependence of the gauge group
representation!

The choice of the trace corresponds to the
choice of the representation of the gauge
group

Choosing however vector field in the adjoint representation, i.e.
using a sum of three traces over the SM gauge group we have:
= Model 1: MNCSM

Choosing a trace over all massive particle multiplets with differ-
ent quantum numbers in the model that have covariant deriva-
tive acting on them we found:

= Model 2: nmNCSM

Choosing however vector field in the adjoint representation
SU(N) we have:

= Model 3: NC SU(N) GFT



Gauge sector Model 1: mMNCSM

Short rewiev of mMNCSM gauge sector

The mMNCSM gauge action is given by

1 1 1 1 o
Sgange ™ = -5 / d*z (WTrl + S Tra+ —2Tr3> Fuyx F*.
g g 9s

In the definition of Try:

Yzl(l o)
2\ 0 -1
The fundamental representations for SU(2) and SU(3)

generators in Tro and Trg, respectively. In terms of
physical fields, the action then reads

1 1
Sg;,'ﬂgg"v' = —E/d“:c (EAWAW + TrBLB" + Tr GWG“”>

ppTov

1
_|_ng dabc QPJ/d4$ (%GZOGZV el Gb GHv ¢

here : ( @ %) and ( @ &) de
note the U( ), SU(2) and SU(3) field strengths,
respectively:

or ad oint representation

N N N T T INT CTI NS



Gauge sector Model : MNCSM

The action S up to linear order in

S = S =5 +85=— ‘%z —F,F"

4 a v
T p— (ZFPOFW—FWFU,, F#




or SM gaug group
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